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Photons

• Type equation here.Electromagnetic wave

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019
Als-Nielsen, McMorrow, “Elements of modern X-ray Physics”, Wiley, 2010
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Chocolate

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

A real multicomponent system
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Cross-section

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

• Differential cross section

• Scattering occurs due to density differences
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WAXS, SAXS, GISAXS

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

d / resolution [Å]

1 10
=1nm

100 1000 10000
=1µm

100000
=10µm

WAXS: 
Crystal 

structure

Source: Streumethoden zur Untersuchung kondensierter Materie
1996; ISBN 978-3-89336-180-9

WAXS

Q x d=1

𝜆 ൌ 2𝑑 sin 𝜃

𝜆 ൌ 1.54Å

SAXS SAXS/GISAXS:
density fluctuations, precipitates

• R~particles “radius“

• d~interatomic distance

• SAXS: < 5°

Limit Guinier Porod Bragg

Log Q
d
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Scattering Amplitude

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019
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• Interference in far field

• Phase difference:

• Scattering amplitude:

• Intensity:

Δ𝜑𝑖 ൌ 𝑘𝑓 െ 𝑘𝑖 ∙ 𝑟𝑖 ൌ 𝑄 ∙ 𝑟𝑖

𝐴 𝑄 ൌ න 𝜌 𝑟 𝑒ିொ⃑𝑑𝑉 ൌ න 𝜌 𝑟 𝑒ିொ⃑𝑑3𝑟

𝐼 𝑄 = ଵ


𝐴 𝑄 2

𝑄 ൌ
4𝜋
𝜆 sin 𝜃
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Form factor and structure factor: Fourier transform

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

)(rp


Single particle: Fourier transformation

Particle distribution function G(r)

i

ri

 Electron density distribution

 Scattering amplitudes of the whole arrangement

 Scattered Intensity

Form factor Structure factor

𝐼 𝑄 = ଵ


𝐴 𝑄 2 ൌ 𝑃 𝑄 𝑆ሺ𝑄ሻ

𝐴 𝑄 ൌ න 𝜌𝑃 𝑟 𝑒ିொ⃑𝑑𝑉 ൌ න 𝜌𝑃 𝑟 𝑒ିொ⃑𝑑3𝑟

𝜌 𝑟 ൌ  𝜌𝑃 𝑟𝑖


ൌ න 𝜌𝑃 𝑟′ 𝐺ሺ𝑟 െ 𝑟′ሻ𝑑3𝑟′ ൌ 𝜌𝑃 𝑟 ∗ 𝐺ሺ𝑟ሻ

𝐴 𝑄 ൌ න 𝜌 𝑟 𝑒ିொ⃑𝑑𝑉 ൌ නሾ𝜌𝑃 𝑟 ∗ 𝐺ሺ𝑟ሻ ]𝑒ିொ⃑𝑑3𝑟

            ൌ න 𝜌𝑃 𝑟 𝑒ିொ⃑𝑑𝑉 ∙ න 𝐺 𝑟 𝑒ିொ⃑𝑑𝑉
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Two-phase model: Dilute systems

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

> Only form of particle relevant

> Matrix M, volume fraction 
Particles P , volume fraction (1-)
Electron density: M,PൌnM,P*fM,P

fM,P : atomic form factor („extension of the electron cloud“, resonances)
nM,P : number density of atoms

> Consider M,P as constant resp.

2R

 >> R

2R

2R

ASAXS



Page 10

Two phase Model

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

• Scattering amplitude:

𝐴 𝑄 ൌ  𝜌 𝑟 𝑒ିொ⃑𝑑3𝑟= 𝜌𝑀 𝑟 𝑒ିொ⃑𝑑3𝑟   𝜌𝑃 𝑟 𝑒ିொ⃑𝑑3𝑟ሺଵିሻ

𝐴 𝑄 ൌ 𝜌𝑀 െ 𝜌𝑃 න 𝑒ିொ⃑𝑑3𝑟


 

 

𝐴 𝑄 ൌ Δ𝜌  𝑒ି⃑𝑑3𝑟

• 𝐼 𝑄 = ଵ


𝐴 𝑄 2~∆𝜌ଶ

• Porod Invariant Q (Porod, 1982):

Q= 𝐼 𝑄 𝑑3𝑄 ൌ 4𝜋Φሺ1 െ ΦሻΔ𝜌2

• Only dependent on density contrast 
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Outline
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Small-angle X-ray and Neutron scattering (SAXS/SANS)

• Basics SAXS (hold ~SANS)

• SAXS approximations (holds for SANS)

• Example I – Aerogels

• Example II – Kinetics of colloidal droplet drying

• Example III – Chocolate

• Example IV – Microfluidics 

• Example V – Superalloys

• Example VI – Contrast variation using X-rays: Iron nanoparticles in metal hydrid matrix

• Neutron scattering 

• Example VII– Contrast variation using deuteration and D2O
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Two phase Model – single particle approximation

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

> Amplitude: 𝐴 𝑄 ൌ Δ𝜌  𝑒ିொ⃑𝑑3𝑟

> Intensity: 𝐼 𝑄 = ଵ


𝐴 𝑄 2

> Closer look at Iሺqሻ for dilute systems: NP independent scatterers

> Incoherent sum of intensities:

𝐼 𝑄 ~𝑁𝑃
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Two phase Model – single particle approximation

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

> Amplitude: 𝐴 𝑄 ൌ Δ𝜌  𝑒ିொ⃑𝑑3𝑟

> Intensity: 𝐼 𝑄 = ଵ


𝐴 𝑄 2

> Closer look at IሺQሻ for dilute systems: NP independent scatterers

> Incoherent sum of intensities:

2

3)(
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- Form factor of a sphere of radius R
- Isotropic scattering
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Colloid: homogeneous sphere of radius R

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019
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Comparison of SAXS pattern

• Influence of different shapes

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019
Als-Nielsen, McMorrow, “Elements of modern X-ray Physics”, Wiley, 2010
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Guinier Approximation

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

• Q → 0

• Homogenous sphere of radius R

• Radius of gyration: 
rms distance from the particle‘s center of gravity: Rg

• 𝑅
ଶ ൌ

 ఘሺሻమௗೇ

 ఘሺሻ ௗೇ

• Sphere𝑅𝑔 ൌ ଷ
ହ⁄ 𝑅

• general form of Guinier law [Guinier (1955)]

• Independent of particle form

𝑃 𝑄 ൌ 3
sin 𝑄𝑅 െ 𝑄𝑅𝑐𝑜𝑠ሺ𝑄𝑅ሻ

𝑄𝑅 3

ଶ

~1 െ
1
5 𝑄2𝑅2~exp ሺെ

1
5 𝑄2𝑅2ሻ
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1
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Guinier Approximation

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019
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Radius of Gyration Rg

Monodisperse spheres of radius R: RRg  5/3

qR

I(q)

2nm Colloids
domains

Roth et al., Appl. Phys. Lett. 91, 091915 (2007)
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Porod‘s law: large q

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

Scattered intensity:  
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Porod‘s law: large q

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

> Depends only on Surface and particle Volume

> No shape dependance

qR

IሺqRሻ

-1
0
1
2
3
4
5
6

-2.5 -2 -1.5 -1 -0.5 0

log q [nm-1]

lo
g 

I [
a.

u.
]

SAXS
q -̂4
q -̂4
USAX

R>1µm R~18nm

𝑃 𝑞𝑅  4.5 ൌ 2𝜋
𝑆

𝑉𝑃
2 𝑞ିସ

qR



Page 20

• Real systems: not dilute, many particles…

• Generalisation of Bragg‘s Law in crystallography:
Iሺqሻൌ c Pሺqሻ Sሺqሻ

• Periodic ordering with periodicity d, in the electron density :

• Iሺqሻ shows a corresponding maximum at qൌ2/(Dmax , )

Form factor Structure factor

Interference due to assembly of particles Dmax,

2R

The structure factor – many particles, close distance

Distance of particlesSmearing
Lode et al., Macromol. Rapid Commun. 19, 35 ( 1998)
Roth et al., J. Appl. Cryst. 36, 684 (2003)Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019
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• Real systems: not dilute, many particles…

• Generalisation of Bragg‘s Law in crystallography:
Iሺqሻൌ c Pሺqሻ Sሺqሻ

• Examples: R=5nm, Dmax=100nm, 25nm, D/Dmax=25%

The structure factor – many particles, close distance

Low   Pሺqሻ, Sሺqሻൌ1 High  SሺqሻPሺqሻ

q ሾnm-1ሿ q ሾnm-1ሿ

Iሺ
qሻ

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019
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Structure factor and form factor

• Dmax=25nm
Dmax=10nm

• D= 5nm, 1nm, 0.1nm

• 𝑆 𝑞 → 1    𝑞 → ∞
well separated particles

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019
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Colloidal systems

q [nm-1]

> Gaussian distribution of 
particle sizes

> Shift in maximum:
Decreasing distance

Hu et al., Macromolecules, 41, 5073 (2008)



Low   Pሺqሻ, Sሺqሻൌ1
High  SሺqሻPሺqሻ

> Latex spheres in water
Iሺqሻൌ c Pሺqሻ Sሺqሻ

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019
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> USAXS at photonic crystals

> USAXS in highly concentrated colloidal suspensions

http://lamp.tu-
graz.ac.at/~hadley/ss1/emfield/photonic_crystals/photonic_tabl
e.html

Illustration

Courtesy: V. Boyko (BASF)
Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

270 nm

Beamstop
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SAXS collimation and scattering geometry
Detector Collimating Slit 2 Collimating Slit 1

Sample

dmax = 
min

min

LSD determines resolution

LSD

min=bs / (2 LSD)

bs

Use Bragg‘s law:

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019
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Example: P03 / MiNaXS @ PETRA III, DESY

CRL 
System 1

CRL 
System 2

42x20µm2

76.7m

Det

85m
81.7m

22x12µm2

~5x1011 Ph/sec

Flexible choice of beam size and 
divergence
Fixed focal spot position and size

 E=13keV 22x12µm2

 E=15keV 24x17µm2

> Nanofocus end station:
 <1.5x1.5µm2

 500x500nm2

Roth et al., J. Phys.: Cond. Matter 23, 
254208 (2011)
Buffet, Roth et al., J. Synchr. Rad., 19, 647 
(2012)

8x8µm2

32x23µm2

<2x2µm2

86.4m

Krywka, SVR et al., J. of Appl. Cryst. 
45, 85 (2012)

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019
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Impression @ P03
• Adjust scattering angles

↔ dΩ
↔q-ranges

• 5cm<DSD<8.6m

• Highly flexible

• Separate WAXS device

• GISAXS / GIWAXS

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

Döhrmann, Roth et al., Rev. Sci. Instr. 84, 043901 (2013)



Page 28

Outline

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

Introduction to small-angle scattering – the use of X-rays and Neutrons

• Basics SAXS (hold ~SANS)

• SAXS approximations (holds for SANS)

• Example I – Aerogels

• Example II – Kinetics of colloidal droplet drying

• Example III – Chocolate

• Example IV – Microfluidics 

• Example V – Superalloys

• Example VI – Contrast variation using X-rays: Iron nanoparticles in metal hydrid matrix

• Neutron scattering 

• Example VII– Contrast variation using deuteration and D2O
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Aerogels

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

• Highly porous materials:

• OLED: matching of refractive indices
• molecular sieves 
• sensors

• Challenges

• Generation of pores with dimensions greater than 100 nm, yet submicron
• Characterization of size

Eggers, Roth et al., Langmuir 24, 5887 (2008)
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Quantitative analysis

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

• Monomodal distribution of particles

• 𝐼 𝑄 ൌ Δ𝜚ଶ𝑁  𝑉
ଶஶ

 𝑅 𝑃 𝑅 ∗ 𝐷 𝑅 𝑑𝑅  

Eggers, Roth et al., Langmuir 24, 5887 (2008)

• Sasview

• https://www.sasview.org/

• Sphere R=60Å

• Gaussian PD

PD=0

PD=0.1

PD=0.2
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Quantitative analysis

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

• Monomodal distribution of particles

• 𝐼 𝑄 ൌ Δ𝜚ଶ𝑁  𝑉
ଶஶ

 𝑅 𝑃 𝑅 ∗ 𝐷 𝑅 𝑑𝑅  

• Porod law:

• Particle size ~ 360 nm
2R~360 nm = 3600Å

Eggers, Roth et al., Langmuir 24, 5887 (2008)
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Quantitative analysis

Bimodal distribution particles

𝐼 𝑄 ൌ Δ𝜚ଶ𝑁  𝑉
ଶஶ

 𝑅 𝑃 𝑅 ∗ 𝐷 𝑅 𝑑𝑅  

Influence of SAXS resolution

Porod law:

• Particle size ~ 30nm
• Pore size estimate >1600nm

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

Not modelled!
Porod fit not perfect

Not modelled

Eggers, Roth et al., Langmuir 24, 5887 (2008)
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Introduction to small-angle scattering – the use of X-rays and Neutrons

• Basics SAXS (hold ~SANS)

• SAXS approximations (holds for SANS)

• Example I – Aerogels

• Example II – Kinetics of colloidal droplet drying

• Example III – Chocolate

• Example IV – Microfluidics 

• Example V – Superalloys

• Example VI – Contrast variation using X-rays: Iron nanoparticles in metal hydrid matrix

• Neutron scattering 

• Example VII– Contrast variation using deuteration and D2O
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The drying droplet

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

• Self-organisation: attractive capillary forces 

• correlated nano-structures 

• industrial processes 

• spray drying (see also GISAXS part)
• food processing, pharmaceuticals 
• Paintings/coatings

http://www.spray.com/markets_and_applications/food.aspx



Page 35

Porod Invariant - practical application

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

• Colloidal solution: drying thick droplet

• Evaporation of water:

• Irradiated volume becomes 
smaller: shrinking

• Distance of colloidal partices 
decreases,  → 1

•  increases (air!), as water removed
from interstitial sites

1mm

Chen et al., Soft Matter 8, 12093 (2012)
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The drying droplet

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019
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> Slow / fast drying

> Concentration of colloids:
 Arresting of colloids

 Homogenous

 Core shell effect (‚coffee ring‘)

> Follow concentration profile in-situ

2 2 0.5(1 )( )R x  Q~

Sen, Roth et al., Soft Matter 10, 1621 (2014)
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Introduction to small-angle scattering – the use of X-rays and Neutrons

• Basics SAXS (hold ~SANS)

• SAXS approximations (holds for SANS)

• Example I – Aerogels

• Example II – Kinetics of colloidal droplet drying

• Example III – Chocolate

• Example IV – Microfluidics 

• Example V – Superalloys

• Example VI – Contrast variation using X-rays: Iron nanoparticles in metal hydrid matrix

• Neutron scattering 

• Example VII– Contrast variation using deuteration and D2O
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Chocolate

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

• A real multicomponent system

• Nestlé, TU HH, DESY

• Fat Blooming - pathways

Reinke, Roth et al., ACS Appl. Mater. Interfaces 7, 9929 (2015)
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Chocolate

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

• A real multicomponent systems

• Nestlé, TU HH, DESY

• Fat Blooming - pathways

Reinke, Roth et al., ACS Appl. Mater. Interfaces 7, 9929 (2015)
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Chocolate

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

A real multicomponent system

Reinke, Roth et al., ACS Appl. Mater. Interfaces 7, 9929 (2015)
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Chocolate

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

• A real multicomponent system

• Superposition of SAXS contributions

• Different density difference

• Migration: filling of voids by oil: Q decreases
Reinke, Roth et al., ACS Appl. Mater. Interfaces 7, 9929 (2015)
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Chocolate

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

• Peak intensities

• Pores, cracks: capillary effect 

• Then: “chemical migration through the 
fat phase by softening and partial 
dissolution of the crystalline cocoa 
butter.“

• reduction of porosity and a minimization 
of defects

• a reduced content of noncrystallized 
liquid cocoa butter

• b or c

Reinke, Roth et al., ACS Appl. Mater. Interfaces 7, 9929 (2015)
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Outline
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Introduction to small-angle scattering – the use of X-rays and Neutrons

• Basics SAXS (hold ~SANS)

• SAXS approximations (holds for SANS)

• Example I – Aerogels

• Example II – Kinetics of colloidal droplet drying

• Example III – Chocolate

• Example IV – Microfluidics 

• Example V – Superalloys

• Example VI – Contrast variation using X-rays: Iron nanoparticles in metal hydrid matrix

• Neutron scattering 

• ExaExample VII – Contrast variation using deuteration and D2O
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Microfluidics – orientation of CNF

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

• Example: Orientation of CNF  in a 
microfludic device

• Gurp: The use of rotation matrices 
in the mathematical description of 
molecular orientations in polymers

Håkansson, Roth et al., Nat. Commun. 5, 4018 (2014)
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Microfluidics – orientation of CNF

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

• Example: Orientation of CNF  in a 
microfludic device

• Gurp: The use of rotation matrices 
in the mathematical description of 
molecular orientations in polymers

• Distribution function f()

• Average of all possible 
orientations

Gurp, Colloid Polym. Sci. 273, 607–625 (1995)

Legendre polynomials

flow


Håkansson, Roth et al., Nat. Commun. 5, 4018 (2014)
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Microfluidics – orientation of CNF

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019 Håkansson, Roth et al., Nat. Commun. 5, 4018 (2014)
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… and you get the best biofibre ever!

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

Mittal, …, Roth, … ACS Nano (2018) DOI: 10.1021/acsnano.8b01084
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Introduction to small-angle scattering – the use of X-rays and Neutrons

• Basics SAXS (hold ~SANS)

• SAXS approximations (holds for SANS)

• Example I – Aerogels

• Example II – Kinetics of colloidal droplet drying

• Example III – Chocolate
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Precipitate scanning in Ni-base super alloys
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’

• Ni-base W-rich experimental single crystal superalloy
(Ni-4.6Al-6.4Ta-5.7Cr-10.8W-2.1Mo)

• Ni-Al solid solution Matrix (), fcc

• Precipitates (’→Al,…), Ni3(Al,Ti)

• TEM: ’-precipitates R  > 50 nm

• D > 100 nm
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[320]

[100]

Q
=1

.5
 n

m
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z
 =
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m

y = 5 m k0 [001]

- streaking: correct orientation
-  phase: stack - distance 5 - 15 m

diameter 2R < 10 m
thickness t     > O(100 nm)

R. Gilles et al.
Scripta Mat. 39, 715 (1998)

[320]

’

•  phase precipitate:
embrittlement of alloy
crack formation and propagation
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Contrast variation SAXS

• Contrast variation

• f(Q,)=f0(Q)+f’()+f’’()

• Synchrotron: variation of energy

• Resonance:

• Difference in f  contrast: 
I ~ ||2~|fP-fM|2 x …

• f’ decrease  I(Q) decreases

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

Resonant terms

f'

Energy
E1 E2
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Contrast variation SAXS

• Scattering contribution from iron oxide NP: ‘separated scattering’

• I(E=7112eV) – I (E=6884eV)

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

Fe2O3 (1 mol%) nanoparticles in MgHx matrix

Pranzas, Roth et al., J. Appl. Cryst. 40, s383 (2007)

Source: CXRO

E [eV]

f’f’’

Mg
Fe
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What is a Neutron (n0)?

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019 Courtesy: M. Mansson, KTH
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Neutron properties

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019 Courtesy: M. Mansson, KTH
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Scattering of neutrons

• Point-interaction with nuclei (not only e )

• Possible to investigate also light elements, e.g. 
Hydrogen, which is more or less impossible with x-rays

• “Soft Probe” = no risk for degradation of delicate
samples (c.f. X-rays + bio)

• Neutral particle that penetrates probe bulk (intrinsic 
material) properties as well as buried structures. 
[surface vs. bulk!!!]

• If the scattering occurs without any loss of neutron 
energy ( E = 0 i.e. |ki| = |kf|) this is called Elastic Neutron 
Scattering

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019 Courtesy: M. Mansson, KTH
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Scattering length
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Contrast variation

• Adjusting scattering lengths

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

Hollamby, Phys.Chem.Chem.Phys.15, 10566 (2013)

Benoît, Higgins, “Polymers and neutron scattering”, 
Oxford Science Publications, Oxford, 1996

D

H

• Example: 
Polystyrene (C8H8-xDx)n in toluene (C7D8)

• Concentration PS: 8%

King et al., Macromolecules 18, 709 (1985)

No deuteration
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Cellulose Nanofibrils in D2O
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SANS & SAXS

Mao et al., J. Phys. Chem. B 121, 1340 (2017)
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Summary

• Determination of nanoscale lengths, shape and orientation

• Guinier radius, Porod law, Porod constant, Orientation

• Kinetics: Drying, microfluidics (orientation), …

• SAXS/SANS: identical quantitative results

• Contrast variation

Introduction to small-angle scattering  | Stephan V. Roth, 13.05.2019

Introduction to small-angle scattering – the use of X-rays and Neutrons
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